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Abstract 

The production rate of a soft photon from a hot quark-gluon plasma is 
computed to leading order at logarithmic accuracy. The canonical hard- 
thermal-loop resummation scheme leads to logarithmically divergent pro- 
duction rate due to mass singularities. We show that these mass singu- 
larities are screened by employing the effective hard-quark propagator, 
which is obtained through resummation of one-loop self-energy part in a 
self-consistent manner. The damping-rate part of the effective hard-quark 
propagator, rather than the thermal-mass part, plays the dominant role 
of screening mass singularities. Diagrams including photon-(hard-) quark 
vertex corrections also yield leading contribution to the production rate. 
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I. INTRODUCTION 



It has been established by Pisarski and Braaten and by Frenkel and Taylor [|I],0 



that, in perturbative thermal QCD, the resummations of the leading-order terms, 
called hard thermal loops, are necessary. In thermal massless QCD, we encounter the 
infrared and mass or collinear singularities. The hard-thermal-loop (HTL) resummed 
propagators soften or screen the infrared singularities, and render otherwise divergent 
physical quantities finite P,^, if they are not sensitive to a further resummation of 
the corrections of 0{g'^T). There are some physical quantities which are sensitive to 
0{g^T) corrections, among those is the damping rate of a moving particle in a hot 
quark-gluon plasma. Much work has been devoted to this issue (For reviews 

of infrared and mass singularities in thermal field theory, we refer to PJ^.) 

Among the thermal reactions, which are expected to serve as identifying the hot 
quark-gluon plasma is the soft-photon {E = 0{gT)) production. This process is ana- 
lyzed in ||TO| , p!Tll to leading order within the HTL resummation scheme. The conclusion 
is that the production rate is logarithmically divergent, owing to mass singularities. 

The mass singularities found in |1T0| , pJ]| arise from bare (massless) hard-quark prop- 
agators that are on the mass-shell. This is a signal [|r^-|T^ of necessity of resummation 
for such propagators. Substituting the effective hard-quark propagators, ^S's, which is 
obtained by resumming the one-loop self-energy part in a self-consistent manner (cf. 
e.g. [0), for the bare propagators Ss, we show that the mass singularities are screened 
and the diverging factor in the production rate turns out to ln{g^^). This substitution 
violates the current-conservation condition. For recovering it, photon-quark vertex 
corrections should be taken into account. Among those is a set of diagrams that 
yields leading contribution to the production rate. 

Here it is worth recording the relations between the differential rate E dW/d^p of 
a soft-photon [P^ = {E,p), E = 0{gT)] production, to be analyzed in this paper, 
and other quantities which are of interest in the literature. The traditionally defined 
production rate Tp is related to EdW/d^p as 



The decay rate, F^, of a soft photon in a hot quark-gluon plasma is related to Tp as 




(1.1) 
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7 = 7TrT^r,^— r,. (1.2) 



'~2 UBiE) '^-2"' 
where ub^E) = l/(e^/-^ — 1) :^ T/E is the Bose-distribution function. The damping 
rate, 7, of a transverse soft photon is related to Tp as 

1 _E_ 

4n;^^" 4T 

In Sec. II, we compute the singular contribution to the production rate of a soft 
photon to leading order in real-time thermal field theory and reproduce the result 
in |[IO|JTT[] . In Sec. Ill, we modify the analysis in Sec. II by substituting '^Ss for Ss, 
the Ss which are responsible for mass singularity, and show that mass singularity 
is screened. Then, the contribution to the production rate is evaluated to leading 
order at logarithmic accuracy, by which we mean that the factor of 0(1/ \n{g~^)) is 
ignored when compared to the factor of 0(1). The contribution thus obtained is gauge 
independent. In Sec. IV, we analyze corrections to the photon-quark vertex and then 
compute the contribution of them to the production rate. The resultant contribution 
coincides with the contribution obtained in Sec. III. Sec. V is devoted to discussions 
and conclusions. Appendix A collects formulas used in this paper. Appendix B 
contains calculation of ladder diagrams (cf. Fig. 6 below) for the photon-hard-quark 
vertex, in which some of the gluon rungs carry hard momenta. In Appendix C, we 
briefly analyze a class of corrections to the photon-quark vertex, which seemingly 
is of the same order of magnitude as the bare photon-quark vertex, and show that, 
eventually, it is nonleading. 

We here introduce notations, 0[g^T^] and 0{g^}, which we use throughout this 
paper. 

A is of 0[g"'T^]: A is of O^g^-T^), up to a possible factor of \n{g~^). 

The contribution A is of 0{g^}: The contribution A is Olg"^] smaller than the 
corresponding leading contribution. 



II. LEADING-ORDER CALCULATION IN HTL-RESUMMATION 

SCHEME 

The purpose of this section is to compute the differential rate of a soft-photon 
production to lowest nontrivial order within HTL-resummation scheme. We work in 
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massless "QCD" with the color group SU{Nc) and Nf quarks. 



A. Preliminary 

After summing over the polarizations of the photon, the differential rate of a 
soft-photon production is given by 

dW i 

where = {E,p). In ( |2.1| ), II12 is the (1,2) component of the photon polarization 
tensor in the real-time formalism based on the time path Ci © C2 © C3 in the complex 
time plane; Ci = —00 +00, C2 = +00 —00, C3 = —00 —00 — i/T. [The 
time-path segment C3 does not play any explicit role in the present context.] 

The fields whose time arguments are lying on Ci and on C2 are referred, respectively, 
to as the type-1 and type-2 fields. A vertex of type-1 (type-2) fields is called a type-1 



(type-2) vertex. Then II12 in (2^) is the "thermal vacuum polarization between the 
type-2 photon and the type-1 photon". 

To leading order. Fig. 1 is the diagram p!0| , p!ll] that contributes to E dW/d^p. In 



Fig. 1, pq = p = E and "1" and "2" stand for the thermal indices, which specify the 
type of vertex. Fig. 1 leads to 

d^K 



X 



r^(^',^))LJ, (2-2) 



where «i,...,Z4 are the thermal indices that specify the field type. In ( p.2| ), all the 
momenta P,K and K' are soft (~ gT), so that both photon-quark vertices, *r'^ and 
*r'^, as well as both quark are HTL-resummed effective 

ones (cf. (13) - (|2^ ) below and ( [OD - (jATSl) in Appendix A). [Throughout this 



paper, a capital letter like P denotes the four momentum, P = {pq,p), and a lower- 
case letter like p denotes the length of the three vector, p = |p|. The unit three vector 
along the direction of, say, p is denoted as p = p/p. The null four vector like Pr 
(r = ±) is defined as Pr = (1, r p) and P = Pt=+-] 

As a technical device, we decompose (/^j, in ( pJ] ) into two parts as 
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9,. = giUp) + gSiP) 



J2 gt^ig^j i^ij-PiPj) > 



gl->{P) = g,.oPu + guoP^-P,Pu. 

Substituting ( p.3|) for g^^i, in we have, with an obvious notation, 

E = E h E . 

d^p d^p d^p 

Now we observe that (*r^)^^ in ( p.2| ) is written as 



2 

(T'^(K',ir))]^ = ^1 dQQ'^0fj,{Q,K',K) 



where rrif, thermally induced quark mass, is defined as 



m 



f 



2Nr 



and 



V 



V 
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K'-Q K-Q' 
f2i = t7r-^6(K' -Q 



fi2 = -i-n- 



K-Q 
V 



V 



ITC- 



K'-Q 



P-Q 
V 

m- 



6 ( K'-Q 



P-Q 



5(K-Q 



f22 = 7r'6{K' -Q) 5(K-Q) . 



(2.3) 
(2.4) 

(2.5) 



(2.6) 



(2.7) 
(2.8) 



(2.9) 

(2.10a) 

(2.10b) 

(2.10c) 
(2.10d) 



In ( p.lO| ), V indicates the principal- value prescription. {^T^^ , Eq. (|2.8|) , is the HTL 
contribution, in terms of an angular integral, and Q^ = qQ^ is the hard momentum 
circulating along the HTL. {T^iK, K')f.^ in (|3) is obtained from {T^'iK' , K))]. 
through the relation 



r^iK,K% = -^o 



r^{K',K)% 



7o 



(2.11) 
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where i = 2 for i = 1 and i = 1 for i = 2. Note that ( |2.11|) is the general relation, to 
which the photon-quark vertex function is subjected. It turns out that the production 
rate E dW/d^p diverges due to mass singularities. As in p!0|JTl|] , we are only interested 
in the divergent parts neglecting all finite contributions. 



B. Computation of EdW^^^d^p in (|T6|) 

Mass singularities arise from the factor 1/P -Q = {£'(1 — p-q)}^^ in ( |2.1(j| ), which 
diverges at p || q. Let us see the numerator factors in the integrand of E dW^^^ d^p, 
which are obtained after taking the trace of Dirac matrices under the HTL approxi- 
mation (cf. (12:^). 

• One of the photon-quark vertices in Fig. 1 is the HTL contribution and the 
other is the bare vertex. 

In EdW^^^/d^p, in (U) is to be multiplied by ^^(p): ^^^^(p) = 9u^W - 
(q-p) p*], which vanishes at q || p. Then, there is no singularity in the integrand. 

• Both photon-quark vertices in Fig. 1 are the HTL contributions. 

Using Q and (^, we see that EdW^-^^d^p includes gj-l{p)Q^Q"' = -q- q' 
+ (q ■ p)(p ■ q')' where Q''' = q'Q'^ is the hard momentum in (*r'^)^- in (|2.2|) . 
For q = p and q' 7^ p, or for q' = p and q 7^ p, g^^l{p)Q^Q"^ vanishes. For q ~ 
p and q' ~ p, g^^liv^Q^Q'" oc (1 — p ■ q)^/^ (1 — p ■ q')^''^, and the integrations 
over the directions of q and q' converge. 

Thus, E diy W /d p is free from singularity. 



C. Computation EdW^^^ /d^p in (pTBI 



Substituting g^}{P), Eq. ( ^^ , for gfj_„ in (|2.1| ), we obtain 



E 



eyN, r 



d^p 2(27r)3 



d^K 



g^ioPu + guoP^L - P^lPu I T^— tr 
It is convenient to employ here the Ward-Takahashi relations. 



(2.12) 
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(K - K');S,,,{K') (T^(ir', K))\^^^ *SUK) = 5u*S,,{K') - S,,*S,,{K) . (2.13) 

On the R.H.S., no summations are taken over i and j. Using (|2.13|) , we can easily 
see that the term with P^Pu in ( |2.12|) does not yield mass-singular contribution. We 
then obtain, for the singular contributions, 

(iiyW eyN, 1 f d^K 



E 



d^p 2(27r)3 E J (27r)4 

<' *-pO 



tr 



+tr 



r"(ir, K')}^^ *Sa{K') - *Su{K) [r^{K, K'] 



il 



(27r)3 E 



d^K 



tr 



(2.14) 



where and in the following in this section the symbol "~" is used to denote an 
approximation that is valid for keeping the singular contributions. The symbol "i?e" 



in (|2.14]) means to take the real part of the quantity placed on the right of "i?e" . In 
obtaining ( ^.14| ), use has been made of the relation ( |2.11| ) and 



-7o 



7o • 



The mass-singular contributions arise from the HTL parts ( *f ° ) with i ^ j oi *T^s 



in ( |2.14| ). We use dimensional regularization as defined in [|1^], which gives 

J P-Q Ee' 

where e = (D — 4)/2 with D the space-time dimension. Then, from (|2.8|) and (|2.1CI|) , 
we see that the singular contributions come from the point p || q: 



121 



.Timjl 



(2.15a) 

r^{K', K)Y,, = ^'i^'^jP't 6{K ■ P) . (2.15b) 

Substituting (|2.15|) , ( |A.4| ), and (|A.6| ) in Appendix A into (|2.14|) , we obtain for the 
singular contribution, 

dl^W e^e^N, m)l r d^K 



E 



d^p 



E e J {27T 



6{P ■ K) 



(2.16) 
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where i^o- = (l,crk) and the spectral function Pa{K) is defined in (|A.8| ) in Appendix 
A. In deriving (|2.16|) , use has been made of np{—k'Q) ~ npiko) ~ 1/2, where np{x) = 
l/(e^/"^ _l_ j^-) jg ^YiQ Fermi-distribution function. Thus, we have reproduced the result 
reported in pD| , P . 



We encounter the same integral as in ( |2.16| ) in the hard-photon production case 
Here we recall that K is soft ~ 0{gT). Then, the upper limit k* of the integration 
over k is in the range, gT « k* « T . Referring to @], we have 

d^p 27r2 \E ) e \mf J ^ ' 

The hard contribution should be added to the soft contribution ( p.l7|) . Besides a 
factor of {ln(T//c*) -|- 0(1)}, the mechanism of arising mass singularity in the former 
is the same as in the latter [M. Thus we finally obtain 



d^p 27r2 \E ) e \mf ^ 



III. MODIFIED HARD-QUARK PROPAGATORS AND SCREENING OF 

MASS-SINGULARITY 

A. Preliminary 

In Sec. II, we have seen that the singular contribution comes from the region P -Q 
= 1 - p ■ q ^ in f*f'')^ with j ^ i and P ■ = 1 - p • q' ~ in f*f^)^ with j ^ i. 

\ / ji \ / ji 

Let us first see how does the factor V/P ■ Q, which develops singularity, come about 
in these *fs (cf. (|J) with (CT))- 

The diagram to be analyzed is depicted in Fig. 2, where is hard while P, 
K, and K' are soft. computed within the canonical HTL-resummation scheme 
is gauge independent, which diverges (cf. ( p.l5| )). The gauge-parameter dependent 
part of the hard-gluon propagator (cf. ( |A.9| ) in Appendix A) leads to nonleading 
contribution. As mentioned in Sec. II, throughout this paper, we pursue the leading 
contribution that diverges and ignore finite as well as nonleading contributions. Then, 
we can use Feynman gauge for the gluon propagator in Fig. 2: 
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4/ 



= z {-r^^'g' /'^ / ^ 7p + K') 

xYSeAQ + K)^^A,,{Q), (3.1) 

with no summation over i, i, and j. In S'^j is the bare thermal quark propagator 

and —gP'^Aji is the bare thermal gluon propagator (cf. Appendix A). It is worth 
remarking that *r'^s in ( p. ID satisfy the relation ( |2.11| ). 

Substituting (|A.1|) in Appendix A, we obtain for the leading contribution, 

(*f^(ir',ir) 



X s\1\Q + K') ~S^IXQ + K) A,,(Q) . (3.2) 



(2vr)^ 4± 

Using ( [A.2| ) and ( |A.3| ) (in Appendix A) for S''^'^^s, we see that in (^*f^j^^, for example, 
the singular contribution comes from 

S^^{Q + K')ReS^;^{Q + K) 

= -i- npi-qo) S{qo + K- ^1^ + k'|) 

^ ^ I (3-3a) 

go + /i^o - i"|q + k| 

~ -i- npi-rq) 6{qo - rq + K' ■ Q^) 
V 

X ^ (3.3b) 

qo-rq + K' ■ Qr 

X 5(go -rq + K' ■ Qr) . (3.3c) 

Since P- Qt > 0, the V prescription is dropped in the last line. For the r = — sector, 
the integration variable q in ( |3.2| ) is changed to — q, so that P ■ — > P ■ Q+ = 
P ■ Q. Carrying out the integration over go and then over g = |q|, we obtain ( |2.8| ) 
with (2.10b). In (3.3c), a singularity appears at P ■ Qr = 0, i.e. q = rp. 

It can readily be seen that this singularity is not the artifact of the approximation 
made at (3.3b). In order to see this, consider the process "g" {Q + K) ^ q {Q + K') 
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+ 7(-P); where q{Q + K') [7(-P)] is the on-shell quark [photon] and "g" is the off-shell 
quark (cf. Fig. 2). The propagator 1/{Q + KY has singularity at p || (q + k'). 
In fact, l/(g + Kf = l/(g + K' + Pf = [2{p\q + k'\ -p ■ (q + k')}]"^ = oo, the 
collinear or mass singularity. As in the present example, mass singularity may emerge 
T8| from the small phase-space region where the momenta Rs (being kinematically 



constrained to i?^ > or i?^ < 0) carried by bare propagators are close to the mass- 
shell, i?^ ~ 0. Other parts of the diagram under consideration do not participate 
directly in the game. As seen above, relevant parts in ( |3.1| ) with i = 1, i = 2, and 
j = 1 are S2i{Q + K'), Su{Q + K), and the external photon line. We assume that 
the photon is not thermalized, so that no (thermal) correction to the on-shell photon 
should be taken into account. 

Similar observation may be made for (*f^)^^. (Note that (*f^)^^ and (*f'')^ 
have not yielded mass-singular contribution.) 



22 



B. Modified hard-quark propagator 



Above observation leads us to look into the hard-quark propagator close to the 
light-cone through the analysis of one- loop thermal self-energy part Tip{R) as depicted 
in Fig. 3. Here Si?(_R) is the quasiparticle or diagonalized self-energy part [0. When 
Q (R — Q) is soft, the effective gluon (quark) propagator, *A^'^{Q) {*S{R — Q)), should 
be assigned to the gluon (quark) line in Fig. 3. We are aiming at constructing the 
Si;'(i?)-resummed hard-quark propagator '^Sf{R), from which ^Sij{R) = 1,2) is 
obtained through standard manner |16|. When i?^ ~ 0, Im S^(i?) is sensitive ||5|-[7|,|T5| 
to the region where is soft, R is hard, and {R — Q)"^ ~ 0. Then, in contrast to the 
case of soft momentum, in determining I1f{R) with hard R with R^ ~ 0, we need 
a knowledge of ^Sf{R — Q) with {R — QY — 0. Thus, we should determine T^f^R) 
in a self-consistent manner. (See, e.g., P,|l5|.) This is also the case for hard-gluon 
propagator, ^/\^{Q), and hard-FP-ghost propagator, ^A^p^\Q). 

A self-consistent determination of T,f{R) and '^S{R)s (as well as of ^A'^^'s and 
^^(^-P)g~) jg carried out in \T^\. Here we summarize the result. T,f{R) takes the form 



EFiR) ~ e(ro) 
where mj is as in ( p.9| ) and 



m, 



X 



(3.4) 
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(3.5) 



Ha-') 

As in |p|-[7tp!5|, the form (|3.5| ) is vahd at logarithmic accuracy, i.e., the term of 0{g'^T) 
is ignored when compared to the term of 0{g^T ln{g^^)). It is to be noted that 7g in 
( ^.51 ) is independent of (hard-)(5. If necessary, one may explicitly evaluate the term 
0(ln(ln(^-i))/ln((7-i)). 

The (part of the) term 0{g^) x ^ in ( |3.4| ) is absorbed into the wave-function 
renormalization constant. The remainder, which depends on the renormalization 
scheme, gives overall correction of O^g"^) to ^Sf{R) and does not affect the structure 
of '^Sf{R) at the region of our interest. Then, the term 0{g^) x in (3^) leads to 
the contribution of 0{g^} to the soft-photon production rate, and we ignore it in the 
following. ("0{(7^}" is defined at the end of Sec. I.) The rest of the term in T,f{R) is 
gauge independent. 

Si?(i?)-resummed propagators ^Sf{R)?> can be written as 

%(i?) = irS%\R) (j, ^ = 1, 2) , (3.6) 

T = ± 

Oq(t) 



'~syhR)^-[sS{R) 



2 ro-rr + ze(ro)7g 

+«7re(ro)n^(|ro|)X(^), (3.7) 
''S[l]^,{R) ~ ±z7™^(±ro) %{R) , (3.8) 

,2 



where r = r + mj / r and 

X(i?) = 5,Jro - rr] 
_ 1 7, 



(3.9) 



TT [ro - rr]2 + 72 ' 

As mentioned above, the forms ( p. 71) - (|3.9| ) are gauge independent. 

Let us compare S^^{ro — Tr) with 5(ro — rr), which is the bare counterpart of *Pt-(-R) 
(cf. Appendix A). 6{rQ — rr) "peaks" at Tq = rr, which shifts to Tq = T{r + mj/r) 
= rr + 0{g^T) in S^g{rQ — rr). The width of 6{rQ — rr) is zero, while the width of 
5^^(ro — rr) is of 0(7^) = 0{g'^T \n{g~^)). Note that, at logarithmic accuracy, 7^ >> 
mj/r = 0{g^T). Similar observation can be made for Re'^S^i (R). Thus, the free 
hard-quark propagator is modified in the region 
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|ro-rr| <0{g^T Hg-^)) 



(3.10) 



with r = e(ro). More precisely [|T5|, the forms of Im^Sii (R) (= Im^S22 {R)) 
(cf. (|3.7|)) and '^S'\^2/2ii^) ( |3.8|) are vahd in the region ( p.lO| ), while the form 
of Re^'S^^iR) (= ~Re''S^22{R)) is vahd in the region Olg'^T] < |ro - e(ro)r| < 
0{g'^T In(^-i)). (For the definition of "Ofc/^T]", see the end of Sec. I.) 

Comparing (|A.2|) and ( |A.3| ) in Appendix A with (|3.7|) and ( |3.8|) , we see that, in 
(3.3b), the following substitutions should be made, 

1 



V 



n 



7g 

_ go - rq + K ■ Qr 



qo-rq + K-Qr qo - rq + K ■ Qr [qo - rq + K ■ Qr]^ + 



(3.11) 



Let (^*f^^ .. be the photon-quark vertex function that is obtained from (^*f^^ , Eq. 
( p.2|) , through the above replacements, which is diagrammed in Fig. 4. The substitu- 
tion ( |3.11| ) results in a violation of Ward-Takahashi relation, Eq. ( p.l3| ), on the basis 
of which our analysis is going. This issue will be dealt with in the following section. 



Substituting the formulas in Appendix A into ( |3.2D and making the replacements 



( CT ), we obtain for (^^F^ 



2TTig^ Cf 



(2vr)= 



^ Q^^ 0r npi-qo) [0{-qo) + Usiq)] 6{Q' 



T = ± 



X X(g + K' 



V. 



2 

Svr ^ 



qo-rq + K- Qr 



T = ± 



" {K'-Qr-Tm}/Ty + X 



K -Qr-Trnj/T 
{K-Qr-rm)/TY + ^l 



(3.12) 



mi Im / dn Q^ 



P-Q \Q-K'- rmj/T - i-fg Q-K- rmj/T - i-fg^ 



P-Q- 2z7, \Q-K'- rmj/T + ijg Q-K- rmj/T - i-fg ^ 



(3.13) 
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When integrating over q = |q| to obtain ( |3.12| ), the region q = 0{T) dominates, and 
then we have made the replacement: q = q + m'j/q —>■ q + mj/T. 

Singhng out the contribution that diverges in the hmit 7^ — 0^, we have 

1 ^ ^ r P-Q 



Y.{KiQ-K'-rm}/T) 



T=± 



+S^^{Q.K-Tm}/T)} . (3.14) 

In the hmit 7,, mj/T 0+, P ■ Q/{{P ■ Qf + -> 1/P-Q diverges at p || q, and 
the singular contribution (2.15a) is reproduced. 

Here a comment is in order. As mentioned at the beginning of this subsection, in 
Fig. 4, we should assign *Ajj((5) to the hard-gluon propagator (cf. ( p.l|) ). Substitution 
of ^Ajj((5) for Aji{Q) results in a change in 6^^s in ( |3.14| ). However, the features stated 



above after in conjunction with ( p.lOp are unchanged, i.e., the point at which 6^^ peaks 
shifts by an amount of 0{g'^T) and the width of 6^^ is of 0{g^T ln{g^^)). 

We may take the limit 7^, mj/T 0^ in the quantity in the curly brackets in 
( P.14| ), since it does not yields any divergence at all (cf. observation in Sec. IIIA): 

V ^ ' s E J (l-p-q)2 + 72 

x{S{Q ■ K') + 5{Q ■ K)} , (3.15) 

where 

% = 2^jE = 0{gln{g-')). (3.16) 
Thus, at logarithmic accuracy, we obtain 

^f'^iK',K))l^'^^P^hiP-K') 



X J d{p- q) 



1 - p ■ q 



;i - p ■ q)2 + 72 



TT m 



^i-^\n{l/%)P^l/>5{P-K') 
2 

~ i- ^ ln(^-^)P^ # 5{P ■ K') . 
2 E 



(3.17) 
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It should be noted that this contribution comes from the region, 



\q^-\q^o\\ = 0{g''T\n{g-^)), (z = l,2), 

0((?ln((7-^))<l-p-q«l, (3.18) 

where Qi = Q + K' fmd Q2 = Q + K (cf. ([3lO|) , Q and (|31^) ). 
Through similar analysis, we obtain 

2 

[-WiK', K)) ^ 4 ^ Hg-') f KK ■ P) . (3.19) 



C. Contribution to the soft-photon production rate 



Comparing ( p.l7| ) and (|3.19|) with ( |2.15| ), we see that the replacements (|3.11|) make 



the singular contribution ( p. 17] ) the finite contribution 



i2 



2i 



ej, a a. 
27r2 



(3.20) 



which is valid at logarithmic accuracy. As has been already mentioned, the result 
( ^.2(j| ) is gauge independent. 



As to the hard contribution, the mass singularity is cutoff in the same way 
as in the soft contribution analyzed above, which produces a ln(5f^^) as in (|3.2CI|) . 
Adding the hard contribution to ( |3.2CI|) , we obtain 



d^p 27?^ \ E J V"^/ 



In computing dW/d^p, Eq. (|3.20| ), for soft-quark propagators, we have used *5's. 



which is evaluated in canonical HTL-resummation scheme. However, to be consistent, 
in computing the soft-quark self-energy part. Fig. 5, and *A should be assigned, in 
respective order, to the quark- and gluon-lines in the HTL. *S{K) is written in terms 
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of Dcr{K) (cT = ±), Eq. ([A .71) in Appendix A. Let us briefly see how does the form 
of D„{K) change by the above-mentioned replacements, S and A *A. In 

Dcr{K), the term am'j/k is insensitive to the region ^ and/or {K — QY ~ 
in Fig. 5. Then, the change in the term amj/k is of higher order. The logarithmic 
factor in D^{K), ln[{ko{l + 0+) + k}/{ko{l + 0+) - k}], changes to 

^^fko + k + a + ie{ko) b\ 
\ko - k + a + ie^ko) b J 

where \a\ = 0{g'^T) and b = 0{g^T \n{g^^)). Therefore, the change in the loga- 
rithmic factor is appreciable only in the region, \k — \ko\\ < 0[g'^T], which is small 
when compared to the whole soft (fco, ^) -region (|fco| < k). Then the leading-order 
contribution ( |3.2CI| ) is not affected by this change (cf. (|2.16| ) and [Q). 



IV. PHOTON-QUARK VERTEX CORRECTIONS 



A. Preliminary 



Deducing the result ( p.21| ) is not the end of the analysis. In deriving (|2.14|) or 



( p.20| ), we have used the Ward-Takahashi relation ( |2.13|) , which is a representation of 



the current-conservation condition or the gauge invariance. Substitution of ^T^ (cf. 
( P.12| )) for in ( p.l3| ) violates the current-conservation condition. 

For recovering it, one needs to include corrections to the photon-quark vertex in 
Fig. 4. Here we face the question: In the kinematical region of our interest, Eq. 
( p.l8| ), what kind of diagrams does participate. In other wards, what kind of vertex 



corrections leads to the contribution, which is of the same order of magnitude as the 
bare photon-quark vertex. 

Similar problem arises in the damping rate of a moving (quasi)particle in a hot 
QCD/QED plasma. Lebedev and Smilga have shown that the relevant diagrams 
are the ladder diagrams as depicted in Fig. 6, where all the gluon rungs carry the 
soft momenta. (In Fig. 6, solid- and dashed-lines stand, respectively, for quark- and 
gluon-propagators, P is soft, and Qi (and then also Q2 (= Qi + P) is hard). The 
region of our interest is (cf. ( |3.18| )) 

\qjo - ^{qjo)qj\ = 0(7g) = 0{g^T ln(^-^)) , 
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E - rqi ■ p = 0(7g) , 



(J = l,2), 



(4.1) 
(4.2) 



where 7^ is as in ( |3.5| ). At logarithmic accuracy, the leading contribution comes 
1^ from the magnetic sector of the effective gluon propagators. That some other 
diagrams than Fig. 6 lead to nonleading contributions are discussed in |l7|,p!5[|. 
The contribution from Fig. 6 with n-rungs reads 



{kiQuQ2 



-2ipT-fq 



[E-rqi-p- 2zpr7„ 



(4.3) 



where the sum is not taken over i, j, and i, Q2 — Qi = P, and 

A/'n^ = -A/'2t^ = l-^F(gi) 

M2/21 = -M2/21 = ^(Tqio) - npiqi) . 



(4.4) 



in (|4.3| ) meets ( p.llj ), which serves as a cross-check of the validity of (|4.3| ) 
It is straightforward to resum A^((5i, Q2) over n: 



{A^{Q,,Q2))..^Y.[kiQi,Q2 

n=l 



{£=1,2) 



{A'^{QuQ2))[^^ {A''{QuQ2))l^^0, 



(4.5a) 
(4.5b) 



7</ 



E - rqi • p 



(4.5c) 



where r = e(q'io)- Thus, through resummation, the imaginary part of the denom- 
inator in A^=i((5i, Q2), Eq- ( [1-3| ), "disappears", which is the important finding in 
0. [Kraemmer, Rebhan, and Schultz have discussed that the same phenomenon 
takes place in scalar QCD.] 

It should be emphasized that the result (|4.5c|) is valid to leading order at log- 
arithmic accuracy, i.e., valid in the region, ( p] ) and ( |4.2|) . More precisely, 7^ in 
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the numerator of ( |4.3|) and 7, in the denominator is the same only at logarithmic 
accuracy, 7, = 0{g'^Tln{g~^)). 

It is straightforward to show that, to the accuracy we are taking, the photon- 
quark vertex function 



(A^(gi, = 6u Y + (a"(Qi, Q2))] 

satisfies the Ward-Takahashi relation. 



(with P = Q2 — Qi)- (Q) is the inverse-matrix function of Sji{Q): 

''Su\Q) = -[%2{Q)Y 

= 0- tpiQ) + 2tnF{q) ImtpiQ) 
-0- rY\m)lq - ^{1 - 2n^(g)} 7,] , 



-2iTY[e{Tqo)-nF{q)]^,. 



(4.6) 



(4.7) 



(4.8a) 

(4.8b) 
(4.8c) 
(4.8d) 



As a matter of fact, using ( [4.5| ) and ([4.8|), we see that the difference between the 
L.H.S. of and the R.H.S. is oi Olg'^T]. 



B. Estimate of the form for A'^(Qi,Q2) 

For the purpose of inferring the form of A^((5i,Q2) that holds in much wider 
region than ( ^.2| ), we reverse the order of argument. Namely, after imposing Ward- 
Takahashi relation (|4.7] ), diagrammatic analysis follows. The region of our interest 
here is 

AT= |^-rqi-p| <0(/Tln((^-^)). (4.9) 

It is sufficient to analyze (A'^^ , since (A^^ is obtained from (A^).. through (imp . 

We first make preliminary remarks. Since |Sp'((5i)| = 0[g'^T] and \Lp{Q2) — 
MQi)\ = 0[g^Tl (0) with (U) yields 
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11/22 



0|/ri 



12/21 



0[/T] 



(4.10) 



This fact, together with (|4.5b|) , indicates that, for our purpose, (a^) may be ig- 



nored. Then we concentrate our concerns on Eq. ( |4.1(J| ) together with 



= 0{gT) also shows that it is sufficient to analyze the structure of \^'^)^2/2i ^'^ 
including 0[g] contribution, with the proviso to be discussed below. Furthermore, as 
in Sees. II and III and as will be shown below, we need only (^A^^^^^^ to leading 



order, provided that (A^ 



2/2 

1 

satisfies the Ward-Takahashi relation. Whenever con- 

12/21 

fusion does not arise in the following, we drop thermal indices. The last remark is on 
the 4x4 matrix structure of A^((5i,<52)- We recall that in computing the modified 
HTL contribution to the photon-quark vertex, {02t) is to be multiplied from the 
left (right) of A^""^{Qi,Q2)- Then the term in A^""^{Qi,Q2) that is proportional to 
(j^^^ ^ (^2r be ignored. This is because {^i^ = and, from ( [4.9|) , \0i^02t\ 
is at most of 0[g^^^'^]. 



1. Resummation of ladder diagrams 



With the above preliminary remarks in mind, we start with the analysis of (re- 
summation of) ladder diagrams. Fig. 6, which yields the leading contribution. 
The region, where momenta of the quark lines adjacent to each gluon rung are 
soft, |Q(J)'^| = 0{gT) = |i?(^>|, is unimportant, because the phase-space volume 



is of 



is small. The contribution from the region, 
0{g^}. ("0{(7^}" is defined at the end of Sec. I.) The leading contribution comes 



< 0(7,T) = 0[g^T] (j = 2, ...,n + 1). Then it 
1, ...,n) is either soft or hard with nearly 



from the region (^R^^^ 
is sufficient to assume that each Kj {j 
(anti)collinear to Qi (~ Qi^)- 

In Appendix B, we show that the contribution of Fig. 6, where at least one Kj 
out of K2 — Kn is hard, is of 0[5'^]. The contribution of Fig. 6 with all Ks but Ki 
are soft is of the form 

A^Ql, Q2) = -^r(gi, Q2) (k^r + H{QU Q2) 02r 

+0{g'} . 
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Thus, according to the prehminary remarks above, we can ignore this contribution. 
Let us turn to analyze Fig. 6 with all Ks soft. We pick out the term 

,(n+l) 



5 



with r = e(gio) = e(f72o)- Noting that [0r] = 0, we obtain 



. k = '2Q'rk + ri^0,-^[i-{v-{v q) q}] 



(4.11) 



The first term on the R.H.S. of 

We first study the contribution, ^^^A^(Qi,Q2), arising from the first term on the 
R.H.S. For (^)A^=°(gi,g2), the first term reads 2Qr° = 2^^. 
For studying P„^^^A^, we begin with 



P ■ Qt — P ■ Qit 



+Oig' 

where k_|_ = k — (k • qi) qi with 



2(qi-k)(p.k^) + (k^f(p.qi: 



(4.12) 



(4.13) 



which is soft. The last term on the R.H.S. of ([4.12|) is of 0{g^T) and, according to 
the preliminary remarks above, it seems to be ignored. However, ( [4.9|) tells us that 
the first term on the R.H.S. is of 0[AT] with A < Then, for the purpose of 

finding the limit (of A) of validity of the form obtained below, we keep the last 
term in question. 



From the second term on the R.H.S. of ( [4.12|) , we take up p ■ k^/gi = pkp- k^/gi 
(K^ = K!^) and trace p ■ k_L, which appears in the integral 



(4.14) 
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Here dil^^ stands for the integration over the direction of k. ^S^^\Q) may be written 
as (cf. (0) - (H)) 

1 ^ Ar(^)(QW) 



2 gS") - rg(") + K ■ qI") + zprr(gW) ' 

(4.16) 



where N'^'^^s are as in (|4.4| ) and r(g) = 7g + 0{g^T) with 7^ as in (|3.5| ). Similarly. 



2 ^ti rj") - rrW + ■ R^^^ + iaTT{r) 

2 rS") - rrW + K ■ Q^") - rk ■ pT/g(") + «arr(gW) ' 

where = p — (p ■ q*-"-*) q*-"-*. The dominant contribution comes from where the 
denominators of ( [4. 161 ) and ( [4.17] ) are of 0[g'^T]. To the approximation we are keeping 



in mind, 

k^ ~ kr = k - (k ■ q(")) q(") . 

We take the direction q^"^ as the z-axis and the direction p^- as the x-axis. Then p-k_L 
^ p ■ kr = 0[{A/ qY^"^] COS0 with (p the azimuth. ^S'''^\Q) in ([4.16|) is independent of 
(j). In '^S^'^\R), only term that depends on (f) is — rk ■ p-p/g*^"): 



k ■ pt pt 

gW 

0[g^/^A'/^T]<0[g''/'T]. 



-T — = -r — cos 



Then, the relative order of magnitude of — r k ■ p^/ g*^") in the denominator of ( [4.17| ) 
is ofO[g^/^A'/^T]/0[g^T] = 0[{A/gy/^]. 
After all this, we find 

<P-'^'=0|A/9]. 



(1) 

or 

(p ■ k^/gi) 
(1) 



0[gAT], (4.18) 
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where (1) is defined by ( [4.14| ) with p-k_L deleted. It is not difficult to see that undoing 
the approximation, ^ k^, used above, affects the term of 0[(7^AT] in ([4.18|) . 

Similar analysis goes for p ■ hj± {1 < j < n — 1) in the second term on the R.H.S. 
of ( [4.12| ) and the same conclusion as above results. 

From the above analysis, we see that P ■ Qt- in ( [4. 121 ) turns out to 



P ■ Qr = E - TP ■ 



1 



+ "O" AT] 



(4.19) 



where "0"[(7AT] means the term that leads to 0{gAT} contribution to P^A^. We 
note that E - rp • qi = 0[AT], Eq. (|]9D, and then the term 'V"[gAT] may be 
ignored. As mentioned above, the term rp ■ (k_|_ )V(2g?) in (imp is of 0[g'^] and, 
according to the preliminary remarks above after ( |4.9| ), seems to be ignored. It cannot 
be overemphasized, however, that this term necessarily appears in the combination 
as in ^.1^ ) and we keep it. 

From the analysis made so far, we may write '•^^A^^°, the contribution from Fig. 
6 with n rungs, and P^^^^Ai^ as. 



(^)Ar°(Qi,g2)^^n(gi,Q2), 

Pj^'^KiQ^^Q^) 

- [^-rp-qi(l-/„)]e;„(Qi,Q2) 



0{g'} 



(4.20) 



(4.21) 



Here /„ has come from (k_|_)^/(2g^) in ([4.19|) , which is positive for all n and is of 
0{g'^). Then, thanks to the ffrst mean value theorem, we can safely assume that 
{n = 1,2, ...) is of 0{g'^) and (at least Re fn) is positive. Now we choose / = fj such 
that, for all i (7^ j). Re fj < Re fi. Eq. ( |4.19| ) with ( [4. 131 ) indicates that presumably 
fj = fi. Then, summing over n, we obtain 



«A^=°(gi,g2) = E^'^Ar°(Qi,Q2 



n=l 



-QiQi,Q2), 

00 



n=l 



[E-Tp-ci,{l-f)]g{Q,,Q2) + 0{g'} 



(4.22) 



(4.23) 



In obtaining ( [4.23| ), the term rp ■ qi(/„ — /) Qn in P^J.^^^^n has been absorbed into the 
term 0{g^} in (|4.21| ) and then in ([4.23|) . / may depends on the (dropped) thermal 
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indices. However, this dependence does not become an obstacle for our purpose (cf. 
next subsection). 



The second term on the R.H.S. of l \4-ll\ ) 

Let us turn to analyze the contribution, *^^^A'^((5i, Q2), which arises from the second 
term on the R.H.S. of ( plj) : 



£:^ = r7'^(^.-[7-{p-(p-q)q}] • 



(4.24) 



This is of 0{g) and does not contribute to A'^"°((5i, (^2) to leading order. Then 
it is sufficient to analyze the contribution to Ward-Takahashi relation. Multiplying 
Pni= Q2H — Qipi) to and summing over /x, we obtain 



r/(^i,-[7-{p-(p-qi)qi}] 



^r|7°[^-r(g2-gi)]+rg2(^2r 
i T [7°(E - rp ■ qi) - 7 • p_L 
-O[gAT]x0,^ + O[g'/']. 



>lr —7 • P± 



'ir— 7-PJ 



This is of the same order of magnitude as 0[gAT] in ( [4. 191 ) and we can ignore this 
contribution. 



2. Nonladder diagram 

Finally we make a brief analysis of nonladder diagram. Fig. 7, the contribution 
of which is of 0{g} [0. Then, as in the case of ( [4.24| ), it is sufficient to analyze the 
contribution to Ward-Takahashi relation. As above, the dominant contribution comes 
from |i?2|jQ2| ^ 0[g'^T^], where |p - (p ■ q) q| = 0[{gAy/^T] < 0[g^/^T]. We pick 
out the term, 

P^0^Yk^ = 2iP-Q^)k^ + ..., (4.25) 
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where ^ = e(go) = e{ro). In (^2^), leads to the contribution (to P^A^((5i, Q2)), 
which is absorbed into the term 0{g^} in ( [4.23| ) and may be ignored. The first term 
leads to 



P,A^{Qi,Q2) = [E-rp-q, + 0[g']) g'{QuQ2) 
Then g'{= 0{g}) here can be absorbed into Q in (|4.23|) . 



3. The form for A^'{Ql,Q2) 

Through the qualitative analysis made above, we have learnt that the structures 
of A^=°(gi,g2) (to leading order) and P^A''((5i, Q2) are given by (Q) and (|03| ), 
respectively: 

A^=°(Qi,Q2) ^e?(Qi,Q2), (4.26a) 
P,A^{Qi,Q2) 

^ - rp ■ qi(l - /„)] QiQ,, Q2) + 0{g'} . (4.26b) 



We have to emphasize that the forms (|4.26|) should not be taken too seriously 



This is because (|4.26|) is not the "calculated" result but is obtained by assuming the 
Ward-Takahashi relation supplemented with diagrammatic analysis. Nevertheless, to 
go further, we assume the forms ( [4.26a| ) and ( |4.26b| ) in the following. 



To (generalized) one-loop order, S((5) may be decomposed as 

E(Q) ~ 7°^o(Q) + 0r'Hv{Q) , (4.27) 



where qo ~ rq. Then, from (|]|) with (ICTI ), we see that, g{Qi,Q2) in (|]2|) 

may be decomposed as 

g{Q,, Q2) ^ 7° QoiQu Q2) + 0ir GviQu Q2) . 

According to the preliminary remarks above after (|4.9| ), the second term on the R.H.S. 
is not important for our purpose. 

Now we are ready to determine [Qq{Qi, <52)]i2/2i Q2)]i2/2i' to leading 

order. By substituting ( ^4.26b| ) into ( |4.7| ) with ( ^4.8d| ), we find 
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It should be emphasized that Re f > and |/| = Then ( [4.28 ) is not singular 

at |p ■ qi|. In ( |4.28| ), we have set r(gi) = 7^, being valid at logarithmic accuracy and 
gauge independent, which is sufficient for our purpose. Also to be emphasized is the 
fact that the R.H.S. of (^) with j ^ i (and then also (^A^=°^ _^ ) is independent of 
RetpiQ) (= e(go)K/g)70). 

It is worth mentioning that, in determining the form of A^^*^, Eq. ( [4.28| ), through 
the qualitative analysis, we have not used the explicit form of the soft-gluon propa- 
gator. Then, the "qualitative" result ([4.28|) does not depend on the HTL-resummed 
(approximate) form for the soft-gluon propagator. 



C. Contribution to the modified eff"ective photon-quark vertex 

We are now in a position to compute Fig. 8, where the photon-quark vertex 
with the square blob indicates A'^, the zeroth component of which is given by (|4.28|) . 
The original effective photon-quark vertex. Fig. 2, is gauge independent and we are 
dealing with the modification of it near the light-cone, {Q + K)"^ ^ (Q + K')"^ ^ 0. 
Then, as in Sees. II and III, we use the Feynman gauge for the hard-gluon propagator 
in Fig. 8: 



X 



A^iQi,Q2)\]/Sk^{Q2)lpA,,{Q) , 



(4.29) 



where Qi = Q + K' and Q2 = Q + K. As in Sees. II and III and as will be seen 
below, we need only with i 7^ j, to leading order at logarithmic accuracy. 

As in Sec. IIIB, for hard gluon line with Q in Fig. 8, we are allowed to use 
the bare propagator, Aij{Q) (cf. (|4.29|) ). Straightforward manipulation using ( [4.2^ ) 
yields 
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T 



T=± 



d^qi 1 



It 



x[e{r)+nB{qi)m-r)~nF{qr)] 



l-rp-qi(l-/) 



p{d{p) - npiqi)} 
Qir ■ K' - rmj/qi + iprjg 

1 



Qlr ■ K - TUlj/qi - ipT'Jg 

where 7g (= 0[g]) is as in ( |3.16| ). Let us pick out 

"1 



(4.30) 



dz -^^^-^ — 

1 l-rp.qi(l-/) 



xE 

P=± 



p{9{p) - npiqi)} 



(4.31) 



(Qlr ■ K' - rmj/qi + ipT-fq^ (Oir ■ K - rmj/qi - ipr-fg^^ 
where z = — rp ■ q. We proceed as in Sec. Ill (cf. ( p.l4| ) - (|3.17|) ). Rewrite ( [4.31 ) as 



Eq. (4.31) = ^ E 



f) p=± L 
1 



p{e{p) -npiqi)} 
1 + z - ipr^g 



Qlr ■ K' - rmy qi + ipr'jg Qi^ ■ K - rmj/ qi - ipr'jg 



(4.32) 



The contribution of our interest comes from 2; ~ — 1 or p ■ qi ~ r. Then Qit • K' 
Qlr ■ K. Thus we have 

27r 



Eq. (4.32)^— 5,,(ir-P-rmJ/gi; 



X 



{1 - nF{qi)}\n- 



f , 



+nF{qi) In 



(4.33) 



After all this, as in Sec. Ill, we may set S^g{K ■ P — rm'j/qi) —>■ S{K ■ P) and, at 
logarithmic accuracy, we get 



Eq (4.33) ~ 27r In ( ^ ) 6{K ■ P) 



2tt \n{g-^) 5{K ■ P) . 



(4.34) 
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Substituting ([4 .341) into ( |4.30| ), we obtain 



12 



= {^V^=\K\K))\^. 

Similar analysis yields 



(4.35) 



(4.36) 



D. Contribution to the soft-photon production rate 



The contribution (to the soft-photon production rate) of our concern is (cf. ( pTT 



E 



(27r)' 



tr 



where 



jk 



jk 



(4.37) 



(4.38) 



is the contribution from Fig. 4, which has been dealt with in Sec. IIIB (cf. ( p.l7| ) 
and (pn^)), while ''f'' is the contribution from Fig. 8. ""f ^ + ^f^ is given by ( |Og| ), 



where A^(Qi,(52) is replaced by A^((5i,(52), Eq. (gj). Then, (|4.37|) includes the 
contribution (|3.2CI|) obtained in Sec. III. 
Using (13) with we find 



(4.39) 



with no summation over i and j. Here we have used the fact that, for our purpose, 
we can set ^Sji{K) *Sji{K) (cf. observation made at the end of Sec. III). 
Using (I^D and (|3|), we obtain 
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dW^ 2eyN, 1 r d^K 
d^p ~ (27r)3 E J (27r)4^'' 



2i 



i2 

(4.40) 



where use has been made of (|4.35 ) and ([4.36 ). Note that the first term on the R.H.S. 
of ( |4.38| ), when substituted into ( |4.40|) , does not yield the leading contribution at log- 
anthrmc accuracy. Comparison of with (|J|), with *T^{K', K) ^V^{K', K), 

shows that E dW^^^ /d in ( [4.40| ) is twice as large as ( p.20| ). 
Adding the hard contribution to ( [4. 401) , we finally obtain 

-^7=(i)'>"^(*-'). (4.41) 

which is valid at logarithmic accuracy and is gauge independent. Half of EdW/d^p 
above comes from the region 0[g] < 1 — p-q<< 0(1) in ^T'^^^{K', K) in ( |3.15D . The 
remaining half comes from the region Olg"^] < 1 — rp ■ qi < 0[(7] in ^V^^^[K' , K) in 
( [4.30| ) with ([4.31| ). This is the central result of this paper. 

There is one comment to make about the usage of *Ss in ([4.37|) . Just as in the 
photon-quark vertex dealt with in this section, corrections to the quark-gluon vertices 
in Fig. 5 should be taken into account. From the analysis in this section, it can readily 
be recognized that the corrections are important only in the region, — |A;o| I ^ 0[g'^T]. 
Then, the same observation as above, made at the end of Sec. Ill, applies and the 
leading-order result ( |4.41| ) holds unchanged. 

Seemingly a correction to the photon-quark vertex as depicted in Fig. 9, where 
Qi and Q2 are hard and all the three gluon lines carry soft momenta, is of 0(1), the 
same order of magnitude as the bare photon-quark vertex. In appendix C, we show 
that, as a matter of fact, the correction. Fig. 9, is at most of 0[(y'], so that it does not 
lead to leading contribution to the soft-photon production rate. It is straightforward 
to extend the analysis in Appendix C to more general diagrams for the photon-quark 
vertex, in which many soft-gluon lines participate. We then find that they do not 
yield the leading contribution to A^((5i, Q2)- 
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V. DISCUSSIONS AND CONCLUSIONS 



In Sec. II, within the canonical HTL-resummation scheme, we have analyzed 
the diagram that lead to logarithmically divergent leading contribution to the soft- 
photon production rate. The diverging factor 1/e comes from mass singularity. As 



has been pointed out in |T2|-p!^, if the calculation of some quantity within the HTL- 
resummation scheme results in a diverging result, it is a signal of necessity of further 
resummation. In Sec. Ill, by replacing the hard-quark propagators Ss with ^Ss, which 
is obtained by resumming one-loop self-energy part Sj? in a self-consistent manner, 
we have shown that the mass singularity is screened and the diverging factor 1/e in 
the production rate turns out to ln{g~^). Replacement S ^ '^S violates the current- 
conservation condition, to which the photon-quark vertex subjects. In Sec. IV, we 
have estimated corrections to the photon-quark vertex, which inevitably comes in 
for restoring the current-conservation condition. The estimated corrections yield the 
leading contribution to the soft-photon production rate, which coincides with the 
contribution deduced in Sec. III. 

Thus, we have obtained for the soft-photon production rate, 

E'^^±^r'n)\A9-^). (5.1) 



d^p vr^ \ E 

which is valid at logarithmic accuracy and is gauge independent. The result (^) is 
twice as large as the result reported in |14], in which the "asymptotic masses" are 
resummed for hard propagators. In the present case, the asymptotic mass mj is in 
the denominators of ^Ss, Eqs. ( |3.7| ) - ( |3.9| ), the mass which comes from the real part 
of the (hard) quark self-energy part, ReT,p{R) ~ T{'m'j/r)'-f^, Eq. ( |3.4| ). However, 
at logarithmic accuracy, the term that should be kept in ^Ss is not —Tm'j/r but the 
term including 7^, the "damping rate", which comes from ImTjpiR)- 

Much interest has been devoted to the damping rate of moving quanta in a hot 
plasma Using ( |1.1| ), (p..2|), and (p.l|), we obtain for the damping rate 7 of a 

soft photon in a quark-gluon plasma, 

2 



7 



27re^aa,T(^) ln^(^"^) . 



E 



Finally, we make general observation on the structure of a generic thermal reaction 
rate. Consider a generic formally higher-order diagram contributing to the reaction 
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rate. Obviously, its contribution is really of higher order, in so far as that the loop- 
momentum integrations are carried out over the "hard phase-space" region. Here the 
"hard phase-space region" is the region where all the loop momenta Rs are not only 
hard but also are "hard", {Rf^l » 0{gT) and » 0{{gTf). Then, the only 
possible source of emerging leading contributions from such diagrams are the infrared 
region and/or the region close to the light-cone in the loop-momentum space. 

As has already been mentioned at the end of Sec. IIIA, the mechanism of arising 
mass singularities due to hard propagators are the same as in vacuum theory [ITBIIT^ 



since the statistical factor is finite for hard momentum. A mass singularity may arise 
from a collinear configuration of massless particles. Other parts of the diagram do not 
participate directly in the game. Then, as far as the mass-singular contributions (that 
turns out to "ln((7^^) contribution") are concerned, we can use bare propagators for 
all but the hard lines that are responsible for mass singularities. In case of soft-photon 
production rate, dealt with in this paper, the hard gluon line in Figs. 2, 4, and 8 and 
hard lines constituting the HTL of the soft-quark self-energy part in Fig. 1 are such 
propagators. After all, we see that using ^S, '^A^'^, and ^A*-'^^-', for, in respective order, 
the relevant hard quark, gluon, and FP-ghost propagators in the diverging (formally) 
higher-order diagram render the diverging contribution finite. 

As to the contribution from the infrared region or from the region where infrared 
region and the region close to the light-cone overlap each other, we cannot draw any 
definite conclusion at present. In fact, the structure of a generic thermal amplitude in 
such regions remains to be elucidated, the issue which is still under way |ll2|-[I^. We 
like to stress here that this issue is not inherent in the present case of the soft-photon 
production. In fact, any thermal reaction rate shares the same problem, even if it is 
finite to leading order. 
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APPENDIX A THERMAL PROPAGATORS 



Here we display various expressions and useful formulas, which are directly used 
in this paper. 

Bare thermal propagator of a quark 

r=± 

sil\Q)^-{sS{Q)}\ 
1 



2{go(l + ^0+)-rg} 

+ine{qo)nF{q) 5{qo - rq) , (A.2) 
sS/2iiQ) = ±i^nFi±qo) Siqo - rq) . (A.3) 



where 



with 



Effective thermal propagator of a soft quark 



a=± 



= (1, ^k) , 



1 



+iTr e{ko)nF{\ko\)pa{K) , 



(A.4) 



(A.5) 
(A.6) 



D^{K) = -ko + ak 



+ 



m} r 



2k 

<ko) 
2m 



, 1 ko\ ko + k 

1 

D^{ko{l + iO+),k) 



(A.7) 
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D,ikoil-tO-^),k) 



m, 



o iras - 1 2 



^ 2 2Nc 
D^{K) in (143) is first calculated in [|0| 



(Ai 



Bare thermal gluon propagator 

d " 



dX"^ j . ^ - ' A = 
(J,^ = l,2), 
An(Q;A2) = -{A22(Q;A2)}* 

-Q,^^-^-^MMSiQ^-x^ 

Ai2/2i(g;A2) 



(A.9) 
(A.IO) 
(A.ll) 



APPENDIX B LADDER DIAGRAM WITH HAD GLUON EXCHANGE 

In this Appendix, we shall show that Fig. 6 with hard Kj {2 < j < n) yields 
0{g^} contribution to K^{Qi^ Q2), while the contribution from hard Ki is of the form 
0(1) X 0(1) X 02t- The analysis here is of "minimum" in the sense that we 

stop the analysis when we obtain the results that are sufficient for our purpose. 

Let Kj in Fig. 6 be hard. From | | (^^^'^)^| « (cf. Sec. IVB), we 

can show that the important configurations are as follows: 
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(a) em = e 



ji - ^0 ■ 
kj and q'--'^ are nearly parallel, 



(b) em 



ei : 



hj and q'--'^ are nearly antiparallel, 



where = e{qQ^). Taking this into account, we obtain 



Q(^-+i)^^g(f'^ + 6,+i(0,q(^-))", (B.2) 



q^ 



k, - CA;,q(^-) 



|g(i) + CA;,| 
, 6,+i6(A;^°)g(^)fc,(l-Cq(^)-k,) . ^^.^ 

+ pyrwp ^ ' ^^-'^ 

where C = e(A;0) and Q(^)^ ~ or -Qt- 

The quark propagator '^S^''^'^^\Q^^'^^^), Eq. (^4.15|) , may be written as 



2 pti 



where 



2 



+^pe,+i7,(9^^'+'^). (B.5) 

As has been mentioned in Sec. IVB, the leading contribution to A.'^{Qi,Q2) comes 
from the region; | (<5^^'^)^|, | \K^\ < 0[g^T^]. Then from (gj) and (iJ), 

we see that the important region is 
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,2i 

5 



|A:°-e(A;°)A;,|<0[/T]. (B.6) 

The region, e.g., 1 - Cq^^'^ • = 0[g] yields 0{g} contribution to A^(Qi,Q2)- 

The hard-gluon propagator *A'"^(K) consists |T^ of three part, the transverse part, 

the longitudinal part, and the gauge part. Their Lorentz-tensor structure are Pj.'^(k) 

= -Elj=i9'^9''^iS'^ - k^y), Pr(^) = - KPR'^/K'^ - ^^(k), and RpR'^/K^, 

respectively. 

Now, from Fig. 6, we pick out 



'^j _i_ T 
(i+i) 



t^^^"' ^X'^'"' . (B.7) 



We start with analyzing T-^q"^ ®X^^^\ Using ( p.2|) and ( p.3|) , we obtain 



X, 



(1) a, 



ej+i7 ■ q 



(i) 



- ej+i7 ■ r 



7"S 



(i) 



(B.8) 
(B.9) 



where q*--'^ is as in ( |B.3| ) and is of 0\g\ in the region ( [B.6| ). r'^-'^ is defined by 
with g(^) ^ 



For 2 < j < n, 



is to be muhiplied from the left [right] of (IKSl) [(^)] 



and then the first terms in the square brackets in ( [B.8| ) and ( |B.9| ) vanish. Then, 
According to the preliminary remarks in Sec. IVB, this contribution can be ignored. 
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For j = 1, we have 



'2t 



(B.IO) 



To be consistent with the Ward-Takahashi relation ( [4.7| ), the 4x4 matrix structure 
of P^.A'^iQi, Q2) should be of the form (cf. (W^), 



(B.ll) 



Comparison of (P-lOj ) and tells us that the contribution from Xq ^ '^^ Cg) 

to A^((5i, Q2) is of the form 

A^iQi, Q2) = 0(1) X (^1, + 0(1) X (^2. + 0[g^] . 

Here the first two contributions on the R.H.S. come from Fig. 6, where all Ks but 
Ki are soft. 



2. I^Q^ ®T^^^ andl^Q^ 
Let us turn to analyze Xq ^ ®i X^^"* . The first entry to be analyzed is 



X«-^®xf)^^P^,^.^,(k,)9 



- ej-+i7 ■ q 



(i) 



tj+i 



ej+i7 ■ q^^^ 



^.r(i+i) _ (7.k^.)(k^. .f(^'+i)) 



(B.12) 



We see from (p.6| ) with j ^ j + 1 that the quantity in the second curly brackets in 
( [B.12| ) is of 0[g]. Then, for 2 < j < n, we have 



U) 



X (Em < 0[g'] 



and, for j = 1, 
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(TO<(^,,xOM + o[/]. 



The second entry is 



,0-) 



(i) 



£7+17 ■ q 



(i) 



o,<^j K>(i+i) Pi 



ej+i7 • q 



From r^-^^-^^ = q(-?+^) + p, we obtain 



(B.13) 



f.(i+i) ^ q{i+i) _^ 



p - IP ■ q 



q 



(i+i) 



(B.14) 



In the region (U) and (TO , the second term on the R.H.S. is olOl^gAf^] < Olg^l"^]. 

„ - (j) - (j+i) 

Then, using with (|K3D and (Q^^))^ = 0, we see that, in ( [B7[3|) , (^,. 



X 0[(7]. The remainder of ( |B.13| ) becomes 



2q 



(i) . 



7 ■ q 



Eqs. ( p.3|) and ( p.l4|) tell us that the first term on the R.H.S is of 0[(7^] in the region 
rUI). The second term is of the form 

" (i) - (j) 

K xOM+0[/] = C. xO[g\ + 0[g']. 



Thus, we have 



Eq. (^ = C xO[^?]+0[^?2]. 



(i) 



For 2 < J < n, Q "^. x (|KT^ = 0[^2]_ 
The third entry is 



ei+i7 ■ q 



(i) 



- ej+i7 ■ q 



(i) 



(B.15) 
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In the region (^), Kj = e(A;°) kj Kj + 0[g^T], where Kj = (1, e{kj) kj). Then, we 
obtain 



R^l^ . K, = e{kf) k, b!^;^ . k, + 0[/T] 
= e(A;0)A;, [l-e,+ie(A;5')k,-f(^ 

= 0[g^T], 



(B.16) 



where use has been made of ( p.l4|) , ( p.2|) , (p.3| ), and (BJ). The remainder of ( B.15 ) 
may be analyzed as in the second entry above and we obtain 



Eq. (EI1)=C y<0[g'T^] + 0[g'T']. 



We recall that the denominator of the hard-gluon propagator that accompanies to 
( P.15|) is 0[g'^T'^] smaller than those accompanying to (|B.10|) and (|B.13|) above (cf. 

S) - (EH))- 

'^^ , Eq- ( B.7 ), may be analyzed similarly as in the case of Xg ^i'^r '^^ 

and the same conclusion results. 



(2) ^ tC^) 



3. TA' ® T 



R 



Finally we analyze Xg "* '^^ ® in ( |B.7| ) . The first entry is 

7-(2) -7-(2) Pj q~) /-C \ 

= 0[g'] . 



The second entry is 



j + l Cj + l 



1 _ qU+i; . 



which, according to (|B.14|) , is negligibly small. 
The third entry is 
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where use has been made of ( P.16|) . 

This completes the proof of the statement made at the beginning of this Ap- 
pendix. 

APPENDIX C BRIEF ANALYSIS OF FIG. 9 

Here we briefly analyze Fig. 9, where Qi {= Q + K') and Q2 {= Q + K) are hard, 
all the three gluon lines carry soft momenta, Ki, K2, and (= —Ki — K2), and 
show that its contribution is nonleading. 

The effective soft-gluon propagator, *A^j{K), consists of two terms, the one is 
proportional to ^^(/^o) — T/k^ (= 0(1/ g))a.nd the other is independent of nsiko). 
The former term is of 0(l/((y'^T^)), while the latter term is of 0(1/((7^T^)). As in the 
case of bare thermal propagator, the former term is independent of thermal indices, 
i and j. 

For a given set of thermal indices {ii — "is, ji — J3) in Fig. 9, we assign, on trial, the 
leading part of *Afj (~ 0(1/ {g^T'^))) to the three gluon propagators. It can be shown 
explicitly that no divergence arises. In similar manner as in Sec. IV and Appendix B, 
we can estimate the order of magnitude of other characters in Fig. 9: '^S[l^{R + Ki), 
'"sl^liQ + Ki), and ""Sl^liQ - K2) are of 0(1/7,). A tri-gluon vertex is of 0{gT). 
Jd^K, = Jdk^odk,kld{k,■q) = OiigTY} x 0{t/igT)} = 0{{gTft} = J d^K2. 
After all this, we see that, aside from a possible factor of ln(5f^^). Fig. 9 is of 0(1), 
the same order of magnitude as the bare photon-quark vertex. 

Now we note that, as mentioned above, the leading part of *Aij{K) is independent 
of the thermal indices and the three-gluon vertex with a blob in Fig. 9 may be written 



as 



where the Lorentz indices are deleted. The first term comes from the bare ver- 
tex and the second term represents the HTL contribution. Recalling the identity 
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10 10=1 = 0) wc sec that, upon summation over thermal indices, ?2 and 

j3, in Fig. 9, the contribution under consideration vanishes. 

This proves that the contribution of Fig. 9 to the production rate is nonleading. 
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Figure captions 



Fig. 1. Diagram that yields leading contribution to the soft-photon production rate 
in HTL-resummation scheme. "1" and "2" designate the type of photon-quark 
vertex. P, and K' are soft and the blobs on the solid lines indicate the 
effective quark propagators and the blobs on the vertices indicate the effective 
photon-quark vertices. 

Fig. 2. HTL of the photon-quark vertex. , "i" , and "j" are thermal indices. 

Fig. 3. Thermal self-energy part of a hard quark. 

Fig. 4. "Modified" HTL of the photon-quark vertex. The square blobs on the solid 
lines indicate self-energy-part resummed hard-quark propagators, ^Ss. 

Fig. 5. "Modified" HTL of the quark self-energy part. The square blob on the curly 
line indicates *A''''(Q). 

Fig. 6. An n-loop ladder diagram for the photon-quark vertex function. Solid lines 
stand for quarks and dashed lines stand for gluons. 

Fig. 7. Nonladder diagram for the photon-quark vertex function. 

Fig. 8. A "correction" to the HTL of the photon-quark vertex. The square blob on 
the vertex indicates k>'{Q + K',Q + K). 

Fig. 9. A two-loop contribution to a photon-quark vertex. 
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